When the stagnation temperature of a perfect gas increases, the specific heats and their ratio do not remain constant any more and start to vary with this temperature. The gas remains perfect, its state equation remains always valid, except it will name in more calorically imperfect gas or gas at High Temperature. The goal of this research is to trace the profiles of the supersonic plug nozzle when this stagnation temperature is taken into account, lower than the threshold of dissociation of the molecules, by using the new formula of the Prandtl Meyer function, and to have for each exit Mach number, several nozzles shapes by changing the value of this temperature. A study on the error given by the PG (perfect gas) model compared to our model at high temperature is presented. The comparison is made with the case of a calorically perfect gas aiming to give a limit of application of this model. The application is for the air.
Introduction
The supersonic nozzle is divided in two parts. However, the supersonic portion is independent of the upstream conditions of the sonic line. We can study this part independently of the subsonic portion. The latter is used to give a sonic flow to the throat. In this work, we will study a type of nozzle giving a uniform and parrallel flow at the exit section. It is named by plug nozzle with central body. There are two categories for this nozzle according to the sonic line. If the sonic line is a straight line, the wall at the throat generates centered and divergent waves. The second category has a curved sonic line. In this 1 named by Plug Nozzle with curved sonic line. Each type exists for two-dimensional and axisymmetric flow giving in total four possible configurations. The two-dimensional plug nozzle with a straight sonic line is studied in Ref. [1] . The axisymmetric nozzle is studied in Ref. [2] . The work discussed before is completed for the case of perfect gas (PG) with constant C P (specific heat to constant pressure) and γ (specific heat ratio). These works are limited for low stagnation temperature, where we can go up to approximately 1 000 K for exit Mach numbers which do not exceed Ma E =2.00, see Ref. [3] . In this work we develop a numerical design method and dimensioning of the plug nozzles with central body, based on the use of the Prandtl Meyer expansion at high temperature when the variation of C P and γ to the temperature are taken into account lower than the threshold of dissociation. The perfect gas in this case is named in more by calorically imperfect gas and thermally perfect or gas at high temperature. The contour of the nozzle is unknown, and it is given so as to obtain an uniform and parallel flow at the exit section, and in particular, the form obtained will deliver a maximum thrust considering the flow at the exit is horizontal. To justify the profit in performance, in particular the length, the mass and the pressure force, we make a comparison with MLN configuration.
For the air, and until 3 550 K, the table of variation of C P and γ with the temperature is illustrated in Ref. [4] . The new thermodynamic ratios at high temperature are presented in Refs. [5] and [6] , that of the Prandtl Meyer function at high temperature is the goal of Ref. [7] . Like results, the mathematical model developed in this work is a generalization of the equations of the PG model with constant C P and γ, presented in Refs. [8] , [9] and [1] . In general, the results in the aerodynamic are accepted with an error of 5%.
A polynomial interpolation with the values of the table in order to find an analytical form for C P (T) is applied. The mathematical relations presented are valid in the general case independently of the interpolation form and the substance, but our results are presented by the choice of an interpolation by a polynomial of 9 th degree for the function C P (T), see
Ref. [6] . The selected substance is the air. The comparison is made with the calorically PG model aiming to determine the limit of application of this model. A study on the error given by the PG model is presented. The form of this nozzle is presented in Fig.1 . The difference between this nozzle and the others models is that the flow at the throat is titled of an angle θ * compared to the horizontal as indicates Fig.2 , which is not the case for the others models where the flow is horizontal at the throat. Consequently, the lip is inclined at an angle Ψ relative to the vertical as shown in Fig.3 . The flow is supposed sonic at the throat, to have a supersonic flow in the divergent part of the nozzle. To obtain the contour geometry of the central body, the stream line determined by calculation is replaced by a rigid surface limiting the field of the flow, and consequently the central body shape is obtained. In our study, we are interested only in the supersonic divergent part.
Mathematical Formulation of the Problem
The flow at the throat and the exit sections is one-directional, the ratio of the critical sections remain always valid and is taken into account to compare the numerical calculations found by our model and the theory. Let us note here that the ratio of the sections of a perfect gas [10] is not valid, and the new form at high temperature (HT) is developed in Ref. [6] . The flow calculation inside the nozzle is rather delicate, since the nozzle shape is unknown a priori. The required contour of the central body is that which accelerates the flow from the Mach number Ma=1.00 at the throat up to the Mach number Ma E at the exit section. As the flow angle is not zero at the throat, the flow through the central body redresse only from θ= θ * at the throat to θ =0 at the exit. The flow calculation and the contour determination of the central body for a gas at high temperature are based on the expansion of Prandtl-Meyer presented in Ref. [7] by
where T is temperature, H is enthalpy except for a constant. The parameters exists in Eq.(2) are presented in Refs. [5] and [3] , and are given by
The interpolation coefficients polynomial of the function C P (T) as well as the function H(T) are presented in Ref. [6] . The angle γ is measured compared to velocity vector of the throat. On Fig.4 , the lines AB and AE respectively present the Mach waves of the throat and the exit section. These lines are inclined to the angles μ B and μ E given respectively by μ B =90°and μ E =arcsin[1/Ma E ]< 90°. Between these two Mach lines, there is an infinity of centered divergent Mach waves exists from point A of the lip as Fig.5 shows it. Each line gives a Mach number, which we can easily from this number, deduct a point of the central body contour. Consequently, the point A is a point of discontinuity in parameters and in particular in T, Ma and θ. To have a uniform and parallel flow at the exit, we can determine the angle θ E by the following relation. The calculation procedure is presented in Ref. [6] .
The slope of the lip compared to the vertical will be determined by the following relation, see Refs. [3] and [1] . 90
Discretization
The expansion zone between the lines AB and AE can be discretized into N Mach waves, including the two ends, as shown in Fig.5 . Noting here that the Mach waves are straight lines.
The more the Mach waves number N is large, the more we obtain a very good presentation of the central body. The determination of the points of the wall is done in an explicit way. If we know the position and the properties of a point on the wall, we can easily determine those of the adjacent point until we reach the exit section point. The diagram of the model under the presence of a Mach line is illustrated in the Fig.6 . The temperature T i in point i is known. Then, we can write [3] arcsin(1/ ) Fig.6 , the properties Ma i , θ i , ν i , x i , and y i at the point i are known, and the problem becomes the determination of these properties at the point i+1. Let us consider the triangle connecting the points A, i and i+1. Here the points i and i+1 are connected by a straight line to point A. Then (19) By analogy to Eqs. (10), (11), (12) and (13), we can deduce the relations for the point i+1 by changing the index i by i+1. At this point the temperature T i+1 is known and their co-ordinates can be calculated by of N values so the calculation is fast.
Calculation procedure
The first stage consists of the determination of some necessary results for the design: For HT gas model, the analytical expressions of the thermodynamic critical ratios * 0 / T T , * 0 / ρ ρ , and * 0 / P P are presented in Ref. [6] .
The thermodynamics ratios T E /T 0 , ρ E /ρ 0 , and P E /P 0 of a HT gas model corresponding to supersonic exit Mach number are presented again in Ref. [6] .
From Ref. [6] , the theoretical ratio of critical sections is given by the following relation
This ratio is also used as the basis of comparison for validing our numerical calculations.
The value ν E of the Prandtl Meyer function can be calculated by using the Eq.(1) by replacing T by T E . The calculation algorithm of Eq. (1) is presented in Refs. [5] and [9] . The slope of the lip compared to the vertical is given by Eq. (9) .
As the calculation procerdure uses two successive points, it is necessary to initialize the calculation procedure. The starting point is point B. At this point, we have • The Mach number is Ma B =1.00. Sonic condition.
•
The angle of Mach is μ B =90.0°.
The value of Prandtl Meyer function is ν B =0.0°.
The polar angle is φ B = 90
The polar radius is λ B =1.00.
The position of the first point of the wall is given, in the non-dimensional form, as
The flow angle deviation at the throat is given by
The theoretical non-dimensional radius at the exit section is given using Eq. (22) by
The same value is computed by the numerical model using Eq.(31) being the last point of calculation.
The second stage of calculation procedure is to assign the results of the point B to the first point of the numerical calculation, i=1. Here the temperature at the point E is T * .
For each Mach line, it is necessary to know the temperature in the center of expansion A which represents also the temperature on the wall. As the number of selected points is equal N, then, we obtain N-1 panels, from where, the temperature in point i is given by
and
By incrementing the value of i from i=2 to N, we can determine the thermodynamic and physical properties along all the selected Mach lines and consequently the shape of the central body will be obtained. To accelerate the calculation process of Eq. (11), we can consider this integral in the following form
The calculation of Eq. (29) is done by using the Simpson algorithm. For the numerical applications, and if N is large, we can choose approximately 5 to 7 points of Simpson for the evaluation of this integral with a suitable precision.
From the results of the last point i=N, we can fix the following results:
• The position of the point E is given in non-dimensional form as
The axial distance between the exit section and the lip (point A) is given by
The length of the nozzle is measured as an axial distance between the point B of the throat and the point E of the exit section. It is given in non-dimensional form by
The ratio of cross-sectional areas corresponding to the discretization of N points is
Thermodynamics parameters
At each point i of the wall, the thermodynamic ratios can be determined by the following relations:
The ratio of the temperatures in point i of the wall is given by (T/T 0 ) i =T i /T 0 . This ratio is used to make the suitable choise for construction material of the central body.
The density ratio in point i is given by the following relation, see Refs. [8, 9] . Its calculation process is presented in Refs. [8] and [9] .
The same remark mentioned for the calculation of the value of ν i+1 by Eq.(29) remains valid to calculate the density ratio by Eq.(35). Then, we can consider this relation in the following form
(36) This ratio is used for to evaluate the mass of gas existing at every moment in the flow space of the central body.
The pressure ratio as in point i is given by
. This ratio will be useful to us for the determination of the pressure force exerted on the central body wall.
Mass of the central body structure
The segment number (i) of the wall is illustrated in Eq(7). To calculate the mass of the central body, the following assumptions are made:
• The shape of the wall between two successive points is approximated by a straight line.
•
The central body is made up of the same material, and with a constant thickness. The calculation of the mass structure is dependent on the calculation of the curvilinear length of the wall. Per unit of depth and in non-dimensional form, we obtain
where C Mass is coefficient of the mass of the structure.
Pressure force exerted on the wall
The pressure force exerted on a panel of Fig.7 is approximated by the following interpolation The axial pressure force exerted on this panel is thus
The axial pressure force exerted on the central body, per unit of depth, is calculated as the sum of 
Mass of the gas in the divergent
The mass of the gas in the divergent part of the central body between the Mach lines AB and AE including the uniform zone, assuming that the density is uniform in triangular region with vertices A, i and i+1, where for each triangular region is approximated by 
In the uniform zone, the mass of the gas, per unit of depth, is given by
The total mass of the gas in the divergent section including the symmetry of the central body, per unit of depth, will thus be given, in non-dimensional form, by the following relation
where C Gas is coefficient of the mass of the gas.
Error of the Perfect Gas (PG) Model
The mathematical PG model is developed on the basis to consider the values of C P and γ as constants, which gives acceptable results for weak stagnation temperature. The error given by the PG model compared to our model can be calculatedeach design parameter. Then for each values (T 0 , Ma E ), the relative error can be evaluated by the following relation 
The word parameter in the Eq.(46) can represent all design parameters (length of nozzle, mass of strucutre, pressure force exerted on the wall, ratio of critical sections).
Results and Comments
The results presented are considered for three values of the stagnation temperatures T 0 =1 000 K, 2 000 K and 3 000 K including the case of perfect gas γ=1.402. The contour of the central body is presented in terms of non-dimensional axes.
The design results such as the central body length, the mass of the structure, the pressure force, the mass of the gas presented respectively by Eqs. (33), (40), (37), and (45) are presented in non-dimensional form.
Effect of discretization on the convergence of the problem
If we increase the number N of points, we can see the convergence of the numerical results towards the exact solution. We take an example for Ma E = 2.50, λ B =1.0 and T 0 =2 000 K. The theoretical ratio of cross-sectional area is equal to E * / A A = 2.924 955, to see Ref. [6] . The results presented in Table 1 depend not on the discretization. Table 2 presents various numerical results obtained from the design parameters of the suggested example versus to the number N of points. The problem is convergent with a given relative error ε, if the cross-sectional ratio numerically calculated for a discretization and the theoretical sections ratio check the Eq.(32). The parameters also converge towards the precise solution.
(47) We note that if the value of N increases, the ratio of the sections and the other parameters converge in a decreasing way, i.e., the computed value is always superior than the theoretical one. The other ratios mentioned in Table 2 convergence towards the precise solution before the convergence of the sections ratio, which is an advantage, in order to control only the convergence of the cross-sectional ratio. We can say that number N necessary (smallest possible), to have convergence depends on the following parameters: Number N still depends on the number of necessary points for the evaluation of Eqs. (11) Table 3 show the minimum number N of points required to obtain a specified error ε for the indicated exit Mach number Ma E when T 0 = 2 000 K . In Table 4 , the effect of the stagnation temperature on the minimum number of points of the discretization error ε is shown. The minimum number of points N for the specified error depends on the values of Ma E and T 0 . Fig.8 shows the form of the central body for Ma E =1.50, 2.00, 3.00, 4.00 and 5.00. The nozzles are 
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not confused in the same point at the throat, considering the angle Ψ is not the same one. These points are on a circle of radius λ B =1.00. In Fig.8(a) , the four curves are almost identical. In Fig.8(b) , we almost notice the superposition of the curves of perfect gas and at high temperature for T 0 =1000 K. From the Mach number E Ma =2.00, the nozzles of case (c), (d) and (e) of Fig.8 , trades to increase gradually. From this figure, we can notice the influence of the stagnation temperature T 0 on the contour of the nozzle and the design parameters.
Variation of the thermodynamics parameters along the wall of the central body
Figs.9, 10 and 11 represent respectively the variation of temperature ratio T/T 0 as well as the flow deviation and the Mach number along the wall Fig.8(c) . For the variation of the Mach number, it is equal to the unit at the throat and Ma E =3.00 at the exit, to see Fig.11 . We can deduce these values starting from Refs. [8] and [9] . Concerning the flow angle deviation, it is equal to zero at the exit (parallel flow), and equal to θ * at the throat. The curves of these figures are not confused at the throat, considering the shapes of the nozzles of Fig.8(c) . Each parameter has an importance and which will be useful to us for the determination of the design parameters. In these figures, we can clearly see the effect of T 0 on the thermodynamic and physics parameters. If the plug nozzle given on the perfect gas assumption (curve 4) is used in the aerodynamic applications for raised temperature T 0 , the PG model will fall the actual values of the physical behavior. For example, between the PG and HT models when T 0 = 3 000 K, we will see a fall of temperature equal to 4.76% at the throat, and 15.91% at the exit for the temperature ratio, see Ref. [9] . This fall can make problems at the time of the choice of building material which will resist this temperature. For the pressure ratio (is not shown here, see Ref. [9] ), there will be a fall equal to 3.57% at the throat and 13.75% at the exit.
Variation of the design parameters according to Ma E
Figs.12-19 represent the variation of the design parameters according to the exit Mach number Ma E . The more the nozzle delivers higher exit Mach number, more the length will be high. Always we notice that the four curves are almost confused with low Mach number until approximately Ma E =2.00. From this value, the four curves start to differentiate, and between curves 1 and 2 correspondent to the case of perfect gas and at high temperature for T 0 = 1 000 K，we can say that the perfect gas theory gives good results if this condition is checked.
The mass of the structure of the central body required to have a uniform and parallel flow is illustrated in Fig.13 . The pressure force exerted on the central body wall is presented in the non-dimensional form versus to Ma E in Fig.14 . Fig.15 illustrates the variation of the deviation angle of the lip compared to the vertical versus to Ma E .
The intial deviation angle θ * at the throat compared to the horizontal versus to Ma E is illustrated in Fig.16 . This value depend to the angle Ψ by the relation Ψ +θ * =90° Fig.17 presents the variation in non-dimensional form of the mass of gas existing at every moment in the space of the divergent according to Ma E . Fig.18 shows the variation in non-dimensional form of the necessary distance between the exit section and the lip of the nozzle which must have the central body to have a critical section at throat, and consequently a supersonic flow in the divergent part. If this distance is not respected, there will be a section A throat ≠A * and consequently a subsonic flow in the divergent part will take place. Fig.19 represents the variation of the exit section ray according to the exit Mach number. Here we can trace this graph independently of the dimensionning calculation.
It is noticed that the four curves in each Figs.12-19 begin with a portion almost confused until Ma E = 2.00 approximately, then to be different gradually with an error ε which vary with T 0 and Ma E and the parameter itself. This variation is interpreted by the possibility of using the PG model as long as Ma E <2.00 for every values of T 0 with a precision equal to 5%, to see Fig.27 in the interval [1.00, 2.00]. We still notice that curves 1 and 2 in these figures are almost confused for evey values of Ma E , and that the maximum error when Ma E =5.00 is equal to 5%, to see curve 3 in the Fig.27 . This variation is interpreted by the possibility to use the PG model as long as T 0 <1 000 K for every value of Ma E up to 5.00. The error of each parameters given by the PG model compared to our model is presented in Fig.27. 
Design parameters according to T 0
Figs.20-24 represent the variation of the design parameters according to the stagnation temperature T 0 for Ma E =3.00. It is clear in these figures that the PG model does not depend on the T 0 . It is noticed that our HT model take into account of this temperature and the dependence becomes considerable if T 0 will be high. The errors given by the design parameters of the PG model compared to our model at high temperature are illustrated in Fig.27 when Ma E = 3.00. These errors can arrive to 45% for the length, 44% for the mass of the structure, and 20% for the pressure force when T 0 =3 500 K.
With low value of T 0 , the PG model gives good results until T 0 =1 000 K with a maximum error equal to 5%. It is still noticed that the PG model falls the values of the design parameters compared to the actual values of the physical behavior.
Correction of the Mach number Ma E
In Fig.25 , we represent the form of 4 nozzles having even exit section ray. Curves 2, 3 and 4 are for the high temperature case when T 0 =1 000 K, 2 000 K and 3 000 K respectively. Curve 1 correspondent to the case of perfect gas. The four nozzles do not deliver the same exit Mach number. The exit ray of the four curves corresponding to the case of the perfect gas for Ma E =3.00. It is equal to E * / A A = 4.220 0, to see Ref. [9] . We can show that they do not deliver the same Mach number Ma E starting from the Eq.(5). The goal to present this figure is that, if we consider the nozzle dimensioned on the basis and assumptions of a PG model for the aeronautical applications, we can notice the degradation of the performances in particular the exit Mach number, considering the nozzles have almost the same size and form, except a small difference in length. The numerical results of the principal parameters are presented in Table 5 . The flow in this difference in length is almost uniform. The shape of the nozzle used does not change, except the thermodynamic behavior of the air to the temperature. PG model for various values of T 0 . We notice that the curves are almost confused until Mach number Ma E =2.00, independently of the temperature T 0 . From this value, the difference between the three curves 2, 3 and 4, start to increase. The curves 1 and 2 are almost confused if Ma E <2.00 approximatively. This variation is interpreted by the use potential of PG model for the applications if the stagnation temperature is lower than 1 000 K.
For example, if the nozzle delivers a Mach number Ma E =3.00 at the exit section on the assumption of a perfect gas, it will deliver, on the consideration of the HT model, a Mach number Ma E =2.939, 2.843 and 2.812 respectively if T 0 =1 000 K, 2 000 K and 3 000 K. Between the PG and HT models, when T 0 =2 000 K, the fall of the Mach number is equal approximately to 5.51%. We clearly notice that the error depends on the values of T 0 and Ma E , and it increases if the stagnation temperature increases. For example, if T 0 =2 000 K and Ma E = 4.00, the use of the PG model will give a relative error equal to ε= 22.86% for the length of the nozzle, ε =23.18% for the mass of the structure and ε =15.07% for the pressure force. For low value of Ma E and T 0 , the error ε is weak.
Results on the error of the PG model
On these figures, the curve 3 is in the lower part of the error 5%. This position is interpreted by the use potential of the PG model until the temperature T 0 =1 000 K for the aeronautical applications.
But if T 0 is raised, the error increases progressively and in this case, we can use the PG model independently of the temperature T 0 if the exit Mach number approximately does not exceed Ma E =2.00 with a maximum error of 5%.
If an author accepts an error higher than 5%, he can use the PG model in an moderate interval of Ma E and T 0 .
Comparison to the Minimal Length Nozzle (MLN) configuration
Fig .28 shows the form of the plug nozzle and the MLN configuration for Ma E =3.00 and T 0 = 2 000 K, for aim to make a comparison between these two types of nozzles. The obtained numerical values of design are presented in Table 6 . We clearly notice the profit in length and cones-quently in mass. The two nozzles deliver same exit Mach number since have same exit section, and are obtained on the same model at high temperature. [12] 27.489 6 19.696 3 20.332 6 0.349 6 Fig.29 represents the comparison between the lengths of these two nozzles according to the exit Mach number. In Fig.30 , we presents the comparison between the mass of the nozzles, and Fig.31 presents the comparison between the pressure forces produced by the divergent. In the case of Fig.28 , the relative profit in length, mass of the structure and pressure force can arrive respectively to 15.01%, 15.73%, and 15.65%. According to this profit, we can see the advantages of the use of this type of nozzle. The results concerning the MLN nozzle are presented in Ref. [12] . The design of the MLN is done by the method of characteristics. The flow fields inside the plug nozzle is divided into zone simple of transition ABE and a zone of uniform flow, to see Ref. [6] , which is not the case for the MLN configuration where it has in more one zone of non simple flow named by zone of Kernel.
Conclusions
From this study, we can quote the following points:
If we accept an error lower than 5%, we can study a supersonic flow by using the PG relations if the stagnation temperature T 0 is lower than 1 000 K for any value of the Mach number up to 5.00, or when the Mach number is lower to 2.00 for any stagnation temperature up to approximately 3 000 K.
The PG model is represented by explicit and simple relations and do not ask a time raised to make calculation, which is not the case for our model, where it is represented by the resolution of a nonlinear algebraic equation and integration of three complex analytical functions (Density, Rapport of cross-sectional and Prandtl Meyer function) requiring a calculation and high time and data-processing programming.
The basic variable for our model is the temperature and for the perfect gas model is the Mach number because of the nolinear implicit Eq. (5) connecting the parameters T and Ma.
The relations presented in this study are valid for any interpolation type chosen for the function C P (T). The essential one is that the selected interpolation gives an acceptable small error.
We can choose of another substance instead of the air. The relations remain valid, except here it is necessary to have the table of variation of C P and γ according to the temperature and to make a suitable interpolation.
We can obtain the relations of a PG model starting from the relations of our model at HT model by cancelling all the constants of interpolation of function C P (T) except the first. In this case, the PG model becomes a particular case of our HT model.
The ratio of the cross-sectional presented by the Eq.(22) can be used as a source of comparison for the validation of the numerical design of various supersonic nozzle on the basis of our HT model giving an uniform and parallel flow at the exit section by the method of characteristics and the Prandtl Meyer function [12] . . For the same precision ε, the number N of the Mach waves necessary for the HT model is higher than the number of points for the PG model. This difference is due to the difference in length which requires more discretization for the HT model.
From this study, we have to illustrate an improvement of the parameters of the supersonic nozzle compared to the MLN nozzle [12] which is very much used in the aeronautical applications by the new shape of nozzles called plug nozzle. Thus a simple change of the MLN nozzle by our type allows a new strategy of use of the missiles and spacecraft. 
·28
The developed method can make the design until an error of 10 -6 in a very reduced time although the discretization requires a high number of point.
